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We derive a lower bound for the measure of performance of an empirical Bayes
estimator for the scale parameter 6 of a Pareto distribution by using a weighted
squared-error loss function and assuming a prior distribution uniform on (0,1).
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1. INTRODUCTION

Liang [2] and Tiwari and Zalkikar [5] proved some results concerning the
performance of the empirical Bayes estimator of the scale parameter of Pareto
distribution using a squared error loss function. In fact, Liang [2] relaxed the
conditions imposed by Tiwari and Zalkikar [5] on the prior distribution and

found a rate of convergence of order ns - as compared to n~z found in [5] —
for the sequence of empirical Bayes estimator.

In [4], a weighted squared-error loss function was considered and an em-
pirical Bayes estimator for the scale parameter of Pareto distribution was
proposed. There was assumed that the weights are given by a function which
satisfies certain properties. It was proved that under certain condition, the
empirical Bayes estimator of the scale parameter is asymptotic optimal and
the corresponding rate of convergence is of order n73.

In this paper we derive a lower bound for the difference between the
overall Bayes risk of the sequence of empirical Bayes estimators of the scale
parameter of a Pareto distribution found in [4], and the Bayes risk of Bayes
estimator of the same parameter. This difference is taken as a measure of
performance of the empirical Bayes estimators. The loss function we use here
is of weighted quadratic type.

The paper is structured as follows. In Section 2 there is described the
Pareto distribution with a known shape parameter o and unknown scale pa-
rameter #. Furthermore, the conditions that have to be satisfied in order to
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obtain the results from Sections 4 are stated. We define the Bayes risk for a
weighted squared-error loss and the overall Bayes risk for a sequence of em-
pirical Bayes estimators. Next, asymptotic optimality and rate of convergence
for a sequence of empirical Bayes estimators are defined. Moreover, we recall
some results of Preda and Ciumara [4] that we will apply in order to obtain
the main result of this paper.

In Section 3, considering a uniform distibution for the prior, we find a
lower bound for the difference between overall Bayes risk of the sequence of
empirical Bayes estimators and the the Bayes risk of Bayes estimator.

The result obtained here generalizes the result of Liang [2] in the sense
that if the weights function is constant and equal to unity, then we recover the
case presented there. In fact, if the weights function satisfies certain properties,
then the lower bound is the same as in the squared-error loss function case.

2. PRELIMINARIES

We consider a random variable X having a Pareto distribution for a
given 6. The parameter 6 is a value of a random variable © that has a prior
distribution function G : (0,00) — [0, 1]. Then the probability density function
of X|© =01is

af®
f(x]0) = P
where x > 0, « > 0 and # > 0. The shape parameter « is known while the
scale parameter # is unknown. The marginal density of X is

min(z,m) min(z,m)
f(x) = /0 f (£(6)AG(6) = /0 £ (216) g(6)d6,

where dG(6) = ¢(0)d6.
If p(0) = ah® and u (x) = x"‘%’ then f (z|0) = p(0)u(x) and

min(z,m)
F(@) = u(@) /0 00°dG(0).

We impose (see[2]) the following conditions on the prior distribution G:

(A1) G (m) =1 for some known positive real number m.

(A2) If a* = sup{0| G(f) =0}, then f is a decreasing function in x
on (a*,m].
As in [4], we consider the weighted squared-error loss L : R2 — Ry
defined as L (z,0) = w(0) (z — 0)*, with the weights function w : Ry — R%
continuous and differentiable.

The conditions (see[4]) that w has to satisfy are
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(A3) 3 ¢1 € RY such that w(0) < ¢, V0 € Ry.

(A4) 3 ¢ € R such that 0 < w (0) + 0w'(0) < ¢z, V0 € Ry and
Je > 0 such that w(f) + 6w'(0) > € on (0, m].

(A5) Je¢ > 0 such that g9 < ¢ (z) = E (w(©)|X = z), Vo € (0,m)].

Then the Bayes estimator of 6 given X = x is

(2.) pole) = T =),

assuming that all posterior expectations involved in the above expression exist
and E (w(©)|X =) #0.
The Bayes risk of g is

where the expectation is taken with respect to (X, ©).

Let X1, X5,..., X, be the past data, that are independently and inden-
tically distributed random variables with probability density function f(x).
We denote by X,, = (X1, Xo,...,X,) and ¢, (X) = ¢, (X, X,,) the empirical
Bayes estimator of the parameter 8 based on past data X,, and the present
observation X.

Definition 2.1. The conditional Bayes risk of ¢, given X, is
R(G,¢n|X,) = E (w(©)(pn(X) - 0)°|X,,)
and the overall Bayes risk of ¢, is
R(G,on) = E(R(G,¢n|X,)) -

Here the expectation is taken with respect to X,,.

Because ¢¢ is the Bayes estimator, we have
VX, vector of past data and Vn € N*. Moreover,
(2.2) R(G,¢q) < R(G,p,), VneN™.

Definition 2.2. The nonnegative difference R (G, ¢,) — R(G,¢q) is a
measure of performance of the empirical Bayes estimator ¢,,.

We recall (see [3]) that a sequence of empirical Bayes estimators (¢5,),,>
is said to be asymptotically optimal if

R(G, ¢n) = R(G,p6) — 0.
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Moreover, if R(G, pn) — R(G, pc) = O (o), where (ay,),,>; is a sequence
of real numbers a,, > 0 and o, — 0, then (¢,),~; is said to be asymptoti-
n—oo —

cally optimal with convergence rate of order a,.
In [4] there were proved Theorems 2.1 and 2.2 below.

THEOREM 2.1. Under assumption (A1)—(Ab), the Bayes estimator of
the scale parameter for Pareto distribution is given by

x@(x)—xaj‘zi% if 0<z<m,
@3 eaw=q T
mw(m)—m if x>m,

where W(x) = 2, M(xz) = 28 and M(z) = [ 02+ (w(0) + 0w (0)) AF(0).

If (bn),~ is a sequence of strictly positive numbers satisfying b,, — 0
= n—oo

and nb, — 00, we define
F, (z+b,) — F,(x)
br ’

where F,,(z) is the empirical distribution function based on Xj, Xo,..., X,,.
We note that f,(z) can be expressed as

falz) =

1 n
= n—bn : I(x,aH—bn} (Xj)-
j=1
Moreover, E (fn(z)) — f(z). Thus, f,(x) is a consistent estimator of f(x)

(see[1]). o

(2.4) ()

In [4], there is constructed a consistent estimator of M (z), namely,
1 n
(2.5) M, (z) = - Z X (w(X5) + Xjw' (X)) To,0)(X;).
j=1
Next the empirical Bayes estimator for the scale parameter 6 proposed
in [4] is given by

M, (X)

(2.6) on(X) = [(X’@(X) - W) Tom)(X)VO| +

_l’_

<ma (m) - %) Iy (X) V o] ,

where M,, = % and a Vb = max (a,b).
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The asymptotic optimality of empirical Bayes estimator (2.6) is asserted
by the result below.

THEOREM 2.2. If (by),~; is a sequence of strictly positive numbers sat-
isfying b, — 0 and nb, — 00, (¢y), is the sequence of empirical Bayes
n—oo n—oo

estimators (2.6) and g is the Bayes estimator (2.3), then

R(G,on) — R(G i) = O <1> +0 <i> LO@).

n nb,,

3. A LOWER BOUND FOR R(G, ¢,) — R(G, ¢c)
WHEN G IS A UNIFORM DISTRIBUTION FUNCTION

We suppose that « > 1, m = 1 and G is the uniform on (0, 1) cumulative
distribution function. Therefore, g (§) =1 for # € (0,1). Then

il if0<z<1

o

=4 " |
()4—}—1W 1fx>1

It is clear that f is decreasing on (0,00) and conditions (Al) and (A2) are
fulfilled.

Remark 3.1. For x < 1, with the notation from Section 2 we have
E(fn(z)) = f().

We will prove that R(G,¢,) — R(G,¢q) > O (ﬁ) + O (b2). In order
to do this we need some preliminary results which will be proved following the
lines in Liang [2].

First, we take § € (O, i) and for each = € (0,1 — §] we define

B,(z)=1 <M < :mﬂ(:c))

xa—«—l](‘n (.CL‘) —

and

xa—«—l](‘n (.CL‘)

LEMMA 3.1. We have lim E (B,(z)) =1 and lim E (Bg(z)) = 0.
n—oo n—oo

Bi(x)=1 < > :mﬂ(:c)) .

Proof. We consider only the case where n is sufficiently large, such that
b, < ¢. Note that for x € (0,1 — 0] we have E (f,(z)) = f(x) and then

E (Mn(x) — 22 () fn(x)> — M(z) — 2°F2@(2) f (z),
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that we suppose to be finite and different from zero. Next, we evaluate
Var (M (@) — 2226 (2) fa(2)) <

" Var (X;‘Jrl (w(Xj) + ij,(Xj)) T0,2) (Xj)) +

2(a+2) 2
5a: ( +b)721w (x)Var (I(I,an] (Xj)) '
Because
Var (X5 (w(X;) + Xjw'(X;)) To.0)(X;)) < 3
and

x+by, a z+bn, a 2
var (I(I’an] (Xj)) N / o+ 1dy - </ o+ 1dy> -

= bnf(x) (1 = f(2)bn) ,

we have

—~ ot ~ 2 2 9p2(a+2) 752 f
b (-0 40 =S T

Furthermore, the Chebychev inequality ([1]) yields

. M, (z _ ~ N _
E (BS(z)) = Pr <a:0‘+17]£n()x) > a:w(a:)) = Pr {Mn(x) — 22 () W(2)—

(M (x) = 22 f(@)id()) > —(M(x) - 2 f(@)id(w)) } <
Var (M, (z) — 202 f, (z)@(x
(@ — e p@ow)

S = 3
(M(x) . xa+2@(x)aL+1) ne

Then, lim F (B¢ (z)) =0 and lim E(B,(z))=1. O

n—oo n—oo

Liaia 3.2, We have [y B(q(2) (pa(2) — 96(2)?) f (2) dz > O(5).

Proof. For z € (0,1) we have ¢pg(r) = zw(x) — xaj\z(jjzx) = xlg((;:)) -
x)

q(ﬂ?)i{!(fgf(;t)_ and QOn(IL’) = x’lflj(l’) - xa-‘-l]g ( ) - xwéj)) - q(:t)]a;\‘{‘n"gf}n(_x) Then

1 [ My(z)  M(x) }
q (.T) xa-i—lfn (.T) a:a"‘lf(x)

pn(r) —pa(r) =
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As in the proof of Theorem 4.1 from [4], we have
1
R(Gop) = R(Goga) = | B (4(0) (o (@) = pal@))”) S(o)das

+ (a(1) (pa(1) = p(1))?) - (1 = F(1)).
We see that
1
| B (1) (6n &) = 06(@))?) Fla)do =
0

-/ 7B (00) (o) - @) Ba () Flo)i,

where

4(2) (pn(7) = ¢ (2))* Bulz) =

(M) M@ Vo
4@ <1‘a+1fn(f€) :ca+1f<x>> Bule) =

_ 1 (a(My(x) = M(x)) = (a+1) M(z) (flz) = f(@) )" pa
‘q<x>< az ¥, (x) > Bl

We know that E (f,(z)) = f(z), Var (fn(z)) = ﬁf(a:) (1= f(z)b,) and
lim b, = 0. Therefore, by the Central Limit Theorem ([1]), we get

n—oo

@ DME) fob, (fula) - Fla)) 2 N (0 (a“)QM?(‘””)f(:c)) -

q(a:) n—00 q(;[;)
Moreover,
T (0 a) M) 2 0 ) 2 )
qlx n—oo n— o0
and
lim F (B,(z)) = 1.
It follows from the Slutsky theorem that
o (M, (z) — M(x)) — @FOM@) (¢ (1
I R i P
! azotlf, () T oo

d, a+1\*  M2%(z)
n—»ooN<07< (&% ) :c2a+2q(x)f(a:)> ’

<a+ 1>2 M?2(z)

a ) at2q(z)f(z)’

Now, we get

lim B (nbug (x) (0 (2) = 96 (2))* Ba(x)) =

n—oo
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for all z € (0,1 — 4] and b, < . By Fatou’s lemma we obtain
1-6
lim [ E (nbaa(z) (pn() ~ 96(2))’ Ba(a) ) f (z) da >

n—oo JQ

1-46
> [ i B (h,a(a) (00 (2) = e6(2)* Bu(@)) S >

=0 M@z \? 1 2 (1-6)°
& /0 <$O‘+1f($)> Q(l’)dxz a(a+2)? 3 7

Finally, we have

[ B (0601 60 () - o)) slepie 2 0 (1)

nb,,

LEMMA 3.3. We have E (q(l) (on(1) — gpg(l))2> >0 (b2) for a > 1.
Proof. Denote
n—{\/ ) lon (1) — )‘>Cn}7

where ¢, = M) b Then

Va1
E (4(1) (p(1) = pa(1)?) = E (a1) (pa(1) = pa(1))* Ba(1)) +
+E (1) (pn(1) — 96 (1)’ Bi(1)) -

We have
E (a(1) (en(1) = wa(1)? Bo(1)) = (1) ¢(1) Pr (B(1)

Furthermore,

E (a(1) (on(1) - @Gu))?Bn(l)) > & Pr (A1 Ba(1) 2
—L+tec

N B,
> e ({an, - 5,0 (1 +ena) 2 0f 08,0

E (a(1) (pn(1) = 6(1)?) =

> e ({an,0) - ) (M 4 e Vi) 2 0f 8,00 ) +
Fa(gB (1) Pr(BS(1)) >

> 2 Pr <{Mn(1) — £ (1) <% + cnm> > o}) :

Thus,
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M(1)

bn
Vva)f(1)

since for n sufficiently large we have c2 < q(1)p% (1) because ¢, =

— 0. Now, we get
n—oo

E (4(1) (#a(1) = 9a(1))?) =

> & Pr{,(1) = £o(0) (3 + /A 2 0} =

=2 Pri{ M,(1) — f,(1) mwn q(1) ) -
{ (f(l)

-8 (34,0~ 0 (3 + /s ) ) 2

> - (M) - 1) (S5 +eovam) )}

We also note that

B <Mn(1) — (D) <AJ{(—(11)) + cn\/@» _

146y Cn 1+bn
:M(1)[1—%/1 ! dy—ivq(l)f()l)/l ! ]2

1 14+bn, 1 14+bn, 1
> M(1 1——/ —dy—/ —]:O.
( ) [ bn J1 yz 1 yz

Hence, by the last relation and the Central Limit Theorem ([1]),

pr{an,0) - £ (A + /i) 2 0} =

> pr (1) - 1,00 (0 + /A -

£ (30 - 1) (Y 4 eva®) ) 2o0f — 5

Now, we can conclude that

B (a1) (pa(1) = p6(1))?) 2 0() =0 (1) . T

The above results allow one to establish the main result of this paper.

THEOREM 3.1. We have R(G,¢,) — R(G, pg) > O ( ) +012).
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[1]
2]
3]
[4]

[5]

Proof. By Theorem 4.1 in [4] and Lemmas 3.1-3.3, we have

1
R(Goip) = R(Goga) = [ B (4(0) (g (@) = pl@))?) S(o)das

+8 (4(1) (D) ~ pe0)F) - (1= F1) 2 0 () + 0 (1) ©

10n
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