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RăzvanDiaconescu†and Kokichi Futatsugiand ShusakuIida

JapanAdvancedInstituteof ScienceandTechnology

Draft of 6 March 1999

We presenta formal methodfor component-basedsystemspecificationandverificationwhich is
basedon thenew algebraicspecificationlanguageCafeOBJ, which is a modernsuccessorof OBJ
incorporatingseveralnew developmentsin algebraicspecificationtheoryandpractice.
We first give anoverview of theoriginsandof themainfeaturesof CafeOBJ, includingits logical
foundations,andthenwe focuson thebehavioural specificationparadigmin CafeOBJ, surveying
theobject-orientedCafeOBJ specificationandverificationmethodologybasedonbehavioural
abstraction.
Thelastpartof this paperfurtherfocuseson a component-basedbehavioural specificationand
verificationmethodologywhich featureshigh reusabilityof bothspecificationcodeandverification
proof scores.Thismethodologyconstitutesthebasisfor anindustrialstrengthformal method
aroundCafeOBJ.

1. Intr oduction

In this introductionwe will give a brief overview of CafeOBJ, including its origins, its main
features,andits logical foundations.

1.1. Origins of CafeOBJ

CafeOBJ (whosedefinition is given by (DF98b))is a modernsuccessorof the OBJ language
incorporatingseveralnew majordevelopmentsin algebraicspecificationtheoryandpractice.It
is aimedto beanindustrialstrengthlanguage,suitablebothfor researchersandfor practitioners.

The origins of OBJ can be tracedback to Goguen’s gradualrealization,around1970, that
Lawvere’s characterizationof thenaturalnumbersasa certaininitial algebra(Law64) couldbe
extendedto otherdatastructuresof interestfor ComputingScience.The influenceof Saunders
Mac Lanewasalsoimportantduring that period,leadingto the beginning of the famousADJ
group(Gog89) led by Goguen.During theADJ groupperiod,a mathematicaltheoryof abstract
datatypesas initial algebraswas developed.Togetherwith consideringterm rewriting as the
computationalsideof abstractdatatypes,this constitutesthe pillar of the OBJ basicspecifica-
tions level. It is importantto mentionthat from thevery beginningthedesignof OBJhadbeen

† On leave from theInstituteof Mathematicsof theRomanianAcademy, POBox 1-764,Bucharest70700,ROMANIA.
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emergingdirectlyfromcleanandelegantmathematicaltheories,thisprocessbeing(rathersubtle)
reflectedasoneof themainstrengthof thelanguage.

Anothermajorstepin thedevelopmentof OBJwastherelativizationof algebraicspecification
over any logic due to Goguenand Burstall’s institutions (GB92) (categorical abstractmodel
theoryfor specificationandprogramming).Thispushedthetheoryof algebraicspecificationinto
amodernage.At thebeginninginstitutionsprovidedsupportfor developingadvancedstructuring
specificationtechniques(i.e., modulecompositionsystems)independentlyof theactuallogical
formalism,asemerging from the researchon Clear (BG80). However, today, after nearly two
decades,their significancehasbeenwidely expanded.For example,institutionssupportin an
essentialway thedesignof multi-paradigm(declarative)systems.

It could be saidthat initial algebrasemantics,rewriting, andinstitutions,arethe conceptual
pillars of theOBJworld. Their developmentandrefinementcanbeeasilynoticedif onetakesa
closelook at thechainof successiveversionsof OBJ,culminatingwith OBJ3(GWM ).

Following thevitally importantideaof modulecompositionof Clear, severalattemptsof im-
plementingmodularizedalgebraicspecificationlanguageswere doneincluding the early pio-
neeringdesignandimplementationof HISPlanguage(FO80). After theseexperiences,thesta-
bilization of the OBJ design(and its mostprominentimplementationat SRI) startedafter the
designand prototypeimplementationof OBJ2 at SRI in 1984 (FGJM85). It coincideswith
several attemptsto extend OBJ towardsother paradigms,most notably constraintlogic pro-
gramming(GM86, Dia94), object-orientedprogramming(GM87). Although,dueto the indis-
putablestrengthof algebraicspecification,all theseattemptsweresuccessful,theinterestof the
OBJ communityhasbeenrecentlyshifting towardsa new languagegenerationfocusingmore
on the recentinternaldevelopmentsin algebraicspecificationratherthanin integratingpower-
ful paradigmsfrom the outsideworld. Two suchexamplesareCafeOBJ (DF98b) andMaude
(CELM96). With respectto CafeOBJ, althoughsomeexperimentaldesignandimplementation
weredonein thepast(FS92), (DF98b) is thefirst definitivedefinitionof thelanguage.

1.2. CafeOBJ mainfeatures

1.2.1. EquationalSpecificationandProgramming. Thisis inheritedfromOBJ(GWM , FGJM85)
andconstitutesthebasisof thelanguage,theotherfeaturesbeingsomehow built on top of it. As
with OBJ,CafeOBJ is executable(by termrewriting), whichgivesanelegantdeclarativewayof
functionalprogramming,oftenreferredasalgebraicprogramming.1 Aswith OBJ,CafeOBJ also
permitsequationalspecificationmoduloseveral equationaltheoriessuchasassociativity, com-
mutativity, identity, idempotence,andcombinationsbetweenall these.This featureis reflected
at theexecutionlevel by termrewriting modulosuchequationaltheories.

1.2.2. Behavioural Specification.Behavioural specification(GD94b, GM97, Dia98a) provides
anothernovel generalizationof ordinaryalgebraicspecificationbut in a differentdirection.Be-
havioural specificationcharacterizeshow objects(andsystems)behave, not how they areimple-
mented.Thisnew form of abstractioncanbeverypowerful in thespecificationandverificationof

1 Pleasenoticethatalthoughthisparadigmmaybeusedasprogramming,thisaspectis still secondaryto its specification
side.
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softwaresystemssinceit naturallyembedsotherusefulparadigmssuchasconcurrency, object-
orientation,constraints,nondeterminism,etc.(see(GM97) for details).Behavioural abstraction
is achieved by usingspecificationwith hiddensortsanda behavioural conceptof satisfaction
basedon the ideaof indistinguishabilityof statesthatareobservationallythe same,which also
generalizesprocessalgebraandtransitionsystems(see(GM97)).

CafeOBJ directlysupportsbehaviouralspecificationandits proof theorythroughspeciallan-
guageconstructs,suchas

— hiddensorts(for statesof systems),
— behaviouraloperations(for direct“actions” and“observations”on statesof systems),
— behavioural coherencedeclarationsfor (non-behavioural)operations(which might beeither

derived(indirect)“observations”or “constructors”on statesof systems),and
— behaviouralaxioms(statingbehaviouralsatisfaction).

The advancedcoinductionproof methodreceivessupportin CafeOBJ via a default (candi-
date)coinductionrelation(denoted=*=). In CafeOBJ, coinductioncanbe usedeither in the
classicalHSA sense(GM97) for proving behavioural equivalenceof statesof objects,or for
proving behavioural transitions(whichappearwhenapplyingbehaviouralabstractionto RWL).2

Besideslanguageconstructs,CafeOBJ supportsbehavioural specificationand verification
by severalmethodologies.3 CafeOBJ currentlyhighlightsa methodologyfor concurrentobject
compositionwhich featureshigh reusabilitynot only of specificationcodebut alsoof verifica-
tions(DF98b, IMD 98). Behaviouralspecificationin CafeOBJ mightalsobeeffectively usedas
an object-oriented(state-oriented)alternative for traditionalADT specifications.Several cases
seemto indicatethatan object-orientedstyleof specificationevenof basicdatatypes(suchas
sets,lists, etc.)might leadto highersimplicity of codeanddrasticsimplificationof verification
process(DFI98).

Behavioural specificationis reflectedat the executionlevel by the conceptof behavioural
rewriting (DF98b, Dia98a) which refinesordinaryrewriting with a conditionensuringthe cor-
rectnessof theuseof behaviouralequationsin proving strict equalities.

1.2.3. Rewriting Logic Specification.Rewriting logic specificationin CafeOBJ is basedon a
simplified versionof Meseguer’s rewriting logic (Mes92) specificationframework for concur-
rent systemswhich givesa non-trivial extensionof traditionalalgebraicspecificationtowards
concurrency. RWL incorporatesmany differentmodelsof concurrency in a natural,simple,and
elegantway, thusgiving CafeOBJ a wide rangeof applications.Unlike Maude(CELM96), the
currentCafeOBJ designdoesnot fully supportlabeledRWL whichpermitsfull reasoningabout
multiple transitionsbetweenstates(or systemconfigurations),but providesproofsupportfor rea-
soningabouttheexistenceof transitionsbetweenstates(or configurations)of concurrentsystems
via abuilt-in predicate(denoted==>) with dynamicdefinitionencodingboththeproof theoryof
RWL andtheuserdefinedtransitions(rules)into equationallogic.

Fromamethodologicalperspective,CafeOBJ developstheuseof RWL transitionsfor speci-

2 However, until thetime thispaperwaswritten, thelatterhasnot beenyetexploredsufficiently, especiallypractically.
3 This is still an openresearchtopic, the currentmethodologiesmight be developedfurther andnew methodologies

might beaddedin thefuture.
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fying andverifying thepropertiesof declarativeencodingof algorithms(see(DFI98)) aswell as
for specifyingandverifying transitionsystems.

1.2.4. ModuleSystem.Theprinciplesof theCafeOBJ modulesystemareinheritedfrom OBJ
which builds on ideasfirst realizedin the languageClear (BG80). CafeOBJ modulesystem
features

— severalkindsof imports,
— sharingfor multiple imports,
— parameterizedprogrammingallowing

– multiple parameters,
– views for parameterinstantiation,
– integrationof CafeOBJ specificationswith executablecodein a lower level language

— moduleexpressions.

However, thetheorysupportingtheCafeOBJ modulesystemrepresentsanupdatingof theorig-
inal Clear/OBJconceptsto themoresophisticatedsituationof multi-paradigmsystemsinvolving
theorymorphismsacrossinstitution embeddings(Dia98b), andthe concretedesignof the lan-
guagerevisetheOBJview on importationmodesandparameters(DF98b).

1.2.5. TypeSystemand Partiality. CafeOBJ hasa type systemthat allows subtypesbasedon
order sortedalgebra (abbreviatedOSA) (GM92, GD94a). This providesa mathematicallyrig-
orousform of runtimetypecheckinganderrorhandling,giving CafeOBJ a syntacticflexibility
comparableto thatof untypedlanguages,while preservingall theadvantagesof strongtyping.

Sinceat thismomenttherearemany ordersortednessformalisms,many of themverylittle dif-
ferentfrom others,andeachof themhaving its own technicaladvantagesanddisadvantagesand
beingmostappropriatefor a certainclassof applications,we decidedto keeptheconcreteorder
sortednessformalismopenat leastat the level of the languagedefinition.Insteadwe formulate
somebasicsimpleconditionswhichany concreteCafeOBJ ordersortedformalismshouldobey.
Theseconditionscomecloseto Meseguer’s OSAR (Mes98) which is a revisedversionof other
versionsof ordersortednessexisting in theliterature,mostnotablyGoguen’sOSA (GD94a).

CafeOBJ doesnot directly do partialoperationsbut ratherhandlesthemby usingerrorsorts
andasortmembershippredicatein thestyleof membershipequationallogic (abbreviatedMEL )
(Mes98). Thesemanticsof specificationswith partialoperationsis givenby MEL.

1.3. TheCafeOBJ specificationandverificationenvironment

Although this is rathera featureof the currentsystemratherthanof the language,due to its
importancefor theeffectiveuseof thecurrentCafeOBJ system,webriefly survey it here.

TheCafeOBJ systemincludesanenvironmentsupportingspecificationdocumentswith for-
mal contentsover networks andenablingformal verificationsof specifications.The CafeOBJ
environmenttakesadvantageof currentInterNettechnologiesandcanbe thoughtasconsisting
of four parts:

— Theinterpreter in isolationactsverymuchliketheOBJ3interpreterby checkingsyntaxand
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evaluating(reducing)terms.In addition,the CafeOBJ interpreterincorporatesan abstract
TRSmachineanda compiler.

— The proof assistantextendsthe theoremproving capabilitiesof the interpreterwith more
powerful,dedicatedprovers.A proofassistanttakingintoaccounttheparticularsof CafeOBJ
is considered;this incorporatestwo kindsof inductive theoremprovers,onebasedon com-
pletionprocedures,andtheotheron explicit structuralinduction.

— Thedocumentmanager takescareof processingof specificationdocumentsovernetworks
by analyzingspecificationdocumentsfor showing contentsto theuser(via browsers,editors,
etc.)by extractinginstructionsof evaluationsandproofs,by searchingfor suitabledocuments
in libraries,andby managingdocumentsovernetworks,retrieving, storing,cachingthemas
requested.

— Specificationlibraries focuson several specificproblemdomains,suchasobject-oriented
programming,databasemanagement,interactivesystems,etc.

1.4. CafeOBJ Logical Foundations

CafeOBJ is a declarative languagewith firm mathematicalandlogical foundationsin thesame
wayasotherOBJ-family languages(OBJ,Eqlog(GM86, Dia94), FOOPS (GM87), Maude(Mes92))
are.Thereferencepaperfor theCafeOBJ mathematicalfoundationsis (DF98a), while thebook
(DF98b) givesa somehow lessmathematicaleasy-to-read(includingmany examples)presenta-
tion of thesemanticsof CafeOBJ. In thissectionwegiveaverybrief overview of theCafeOBJ
logical andmathematicalfoundations,for a full understandingof this aspectof CafeOBJ the
readeris referredto (DF98a) and(DF98b).

The mathematicalsemanticsof CafeOBJ is basedon state-of-the-artalgebraicspecification
conceptsand results,and is strongly basedon category theory and the theory of institutions
(GB92, Dia98b, DGS93). Thefollowing aretheprinciplesgoverningthelogicalandmathemati-
cal foundationsof CafeOBJ:

P1.there is an underlying logic4 in which all basic constructs and features of the lan-
guage can be rigorously explained.

P2.provide an integrated, cohesive, and unitary approach to the semantics of specifica-
tion in-the-small and in-the-large.

P3.develop all ingredients (concepts, results, etc.) at the highest appropriate level of
abstraction.

TheCafeOBJ cube. CafeOBJ is a multi-paradigmlanguage.Eachof themainparadigmsim-
plementedin CafeOBJ is rigorouslybasedon someunderlyinglogic; the paradigmsresulting
from variouscombinationsarebasedon the combinationof logics.The following tableshows
thecorrespondencebetweenspecification/programmingparadigmsandlogicsasthey appearin
theactualversionof CafeOBJ, alsopointingto somebasicreferences.

4 Here“logic” shouldbe understoodin the modernrelativistic senseof “institution” which providesa mathematical
definitionfor a logic (see(GB92))ratherthanin themoreclassicalsense.
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ABBREVIATION LOGIC SPEC/PGM PARADIGM BASIC REF.
MSA many sorted algebraicspecification (Gogar)

algebra
OSA ordersorted algebraicspecification (Gogar, GM92, GD94a)

algebra with subtypes
HSA hiddensorted behaviouralconcurrent (Dia98a, GM97, GD94b)

algebra specification
HOSA hiddenordersorted behaviouralspecification (GD94b, BD94)

algebra with subtypes
RWL rewriting logic rewriting logic (Mes92)

specification
OSRWL ordersorted rewriting logic

rewriting logic specification
with subtypes

HSRWL hiddensorted behavioural rewriting (Dia96b)
rewriting logic logic specification

HOSRWL hiddenordersorted behavioural rewriting (DF98a)
rewriting logic logic specification

with subtypes

Thereare someembeddingrelationsbetweentheselogics, which correspondto institution
embeddings(i.e., a strongform of institution morphismsof (GB92, DGS93)) and which are
shown by the following CafeOBJ cube (the orientationof arrows correspondto embedding
“lesscomplex” into “morecomplex” logics).

MSA

HSA

RWL

HSRWL

OSA OSRWL

HOSRWLHOSA H = hidden
A = algebra
O = order
S = sorted
M = many
RWL = rewriting logic

The mathematicalstructurerepresentedby this cubeis thatof a lattice of institutionembed-
dings (Dia98b, DF98a). By employing otherlogical-basedparadigmsthe CafeOBJ cubemay
be thoughtasa hyper-cube(see(DF98a, DF98b) for details).It is importantto understandthat
th CafeOBJ logical foundationsarebasedon the CafeOBJ cuberatherthanon its flattening
representedby HOSRWL.5

5 Thereasonfor this is explainedin (DF98a, DF98b).
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2. Behavioural Specificationin CafeOBJ

Behavioural specificationmight be the mostdistinctive featureof CafeOBJ within the broad
family of algebraicspecificationlanguages.As mentionedabove,behavioural specificationpa-
radigmis incorporatedinto the designof the languagein a ratherdirect way. Also, this para-
digm constitutesthecoreof thecurrentCafeOBJ object-orientedspecificationandverification
methodologies.Wedevotethissectionto amethodologicalpresentationof thebehaviouralspec-
ificationparadigmin CafeOBJ, trying alsoto explain themainconceptsbehindthisparadigm.

2.1. Basicbehavioural specification

Basicbehavioural specificationis the simplestlevel of behavioural specificationin which the
operationsare either actionsor observationson the statesof the objects.Let us consideran
object-oriented(or “state-oriented”)CafeOBJ specificationfor lists:

mod! TRIV+ (X :: TRIV)
�

op err : - � ?Elt�
mod* LIST

�
protecting(TRIV+)
*[ List ]*
op nil : - � List
bop cons : Elt List- � List -- action
bop car : List - � ?Elt -- observation
bop cdr : List - � List -- action
vars E E’ : Elt
var L : List
eq car(nil) = err .
eq car(cons(E, L)) = E .
beq cdr(nil) = nil .
beq cdr(cons(E, L)) = L .�

This is quitedifferentfrom theusualdata-orientedspecificationof lists. In ourbehaviouralspec-
ification, lists aretreatedasobjectswith states(thesortof statesis thehiddensortList), andthe
usuallist operations(cons andcdr ) actonthestatesof thelist objector (car ) observethestates.
Actionsandobservationsarespecifiedasbehavioural operations.In general,a behavioural op-
erationis calledaction if f its sort is hidden(i.e., statetype),andis calledobservationif f its sort
is visible(i.e.,datatype).Behaviouraloperationsarerestrictedto haveexactlyonehiddensortin
theirarity, thismonadicitypropertybeingcharacteristicto behaviouraloperations(eitheractions
or observations).Behaviouraloperationsdefinethebehavioural equivalencerelationbetweenthe
statesof theobject,denotedas � :

s � s� if f c � s��� c � s�	�
for all visiblebehavioural contextsc. A behavioural context c is any stringof behavioural oper-
ations(this makessensebecauseof themonadicitypropertyon hiddensortsof thebehavioural
operations).c is visible if f its sort is visible; this is thesameassayingthatc hasanobservation
at thetop. It is importantto noticethatbehaviouralequivalenceis a semanticnotion;this means
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thatwheneverwe considera behavioural equivalencerelationwe needto considera model(i.e.,
animplementation)for thespecification6.

CafeOBJ methodologiesintroducea graphicalnotationextendingtheclassicalADJ-diagram
notationfor datatypesfor behaviouralspecificationin which

G1.Sortsare representedby elipsoidaldiskswith visible (data) sortsrepresentedin white and
hidden(state)sortsrepresentedin grey, andwith subsortinclusionrepresentedbydiskinclu-
sion,and

G2.Operationsare representedby multi-source arrowswith the monadicpart from the hidden
sort thickennedin caseof behavioural operations.

Thelist specificationcanbethereforevizualisedasfollows:

List

Elt

?Elt

cdr

car

cons

err

nil

car(nil)  = err
car(cons(E,L)) = E
cdr(nil) ~ nil
cdr(cons(E,L)) ~ L

Several otheraspectsof this specificationsneedspecialattention.The first oneconcernsthe
dataof this specificationandtheerrorhandlingaspectof this methodology. LIST specifiesa list
objectover any setof elements.“Any setof elements”is specifiedby thebuilt-in moduleTRIV
which specifiesonesort (Elt) with loosedenotation(henceits denotationis given by all sets);
this is usedasa parameterof thespecificationLIST andcanbeinstantiatedto any concretedata
type.Theerrorhandlingaspectarisesbecauseof thepartiality of car. TRIV+ just introducesa
new errorelement(err ). Theerrorsupersort?Elt is built-in7 anderr is theonly new elementbe-
longingto [thedenotationof] ?Elt; this is ensuredby thefreeextensionof [the loosedenotation
of] TRIV which is specifiedby giving TRIV+ initial denotation(mod!). Noticethatthisstyleof
errorhandlingcontraststhe morecomplex data-orientedapproachwhich usesa subsortfor the
non-emptylists andoverloadsthe list operationson this subsort.This methodologicalsimplifi-
cationis mainly possiblebecauseof the loosedenotationof behavioural specification(with the
adequate“loose” behaviouralequality)whichavoidsthestrictnessof theinitial denotationof the
data-orientedapproach.

Anotheraspectis given by the useof behavioural equationsin the specificationLIST. Be-
havioural equationsrepresentbehviouralequivalencerelationsbetweenstatesratherthanstrict
equalities.Thereforeeachmodel(implementation)of LIST doesnotneedto interpretcdr(cons(e,l ))

6 Which needsnot to beaconcreteone.
7 It is providedby thesystem.
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asl , wheree is anelementandl is a list8, but ratherasastatebehaviouralequivalentto l . For ex-
ample,if oneimplementsthelist objectasanarraywith pointer, in this model(implementation)
this equalitydoesnot hold strictly, but it holdsbehaviourally. Generallyspeaking,behavioural
equality is the meaningfulequalityon hiddensorts,while the strict equality is the meaningful
equality for the visible (data)sorts.However, thereare situationswhen the strict equality on
hiddensortsis alsonecessary. Behavioural abstractionalsoprovidesa nice way of error han-
dling for hiddensorts,asshown by theotherbehavioural equation.Thusinsteadof introducing
a (hidden)error for cdr(nil), we rathershift theerrorhandlingto thedatatypeby sayingthis is
behaviourally equivalentto nil.9 A fineranalysisof thebehaviouralequivalenceonthelist object
(seethesectionbelow) tells us that thebehavioural equalitybetweencdr(nil) andnil is exactly
the samewith sayingthat car (cdrn(nil)) � err for all naturalnumbersn, which is the natural
minimal conditionfor thebehaviour of nil.

2.2. Behavioural specificationwith hiddenconstructors

Behaviouralspecificationwith hiddenconstructorsis amoreadvancedlevel of behaviouralspec-
ification which relieson theimportantnovel conceptof behavioural coherencefirst definedand
studiedin (DF98b, Dia98a) andwhichwasfirst realizedby theCafeOBJ language(DF98b).

At thegenerallevel, a hiddenconstructoris anoperationon hiddensorts10 whosesort is also
hiddenandwhich is not declaredbehavioural.Thismeansthatsuchoperationdoesnot takepart
in thedefinitionof thebehaviouralequivalencerelation.Also (andrelatedto theabove),ahidden
constructorneednot be monadicon the hiddensorts,thusit mayadmit severalhiddensortsin
thearity.

In thedata-orientedspecificationof lists thereis adifferencein naturebetweencons andcdr,
in thatcons is a “constructor”andcdr is a “destructor”.This differentnatureof cons andcdr
reflectsin thebehavioural specificationtoo andis formally supportedby the fact thatonemay
prove(from thespecificationLIST) thatfor all lists l andl � ,

l � l � if f car � cdrn � l �
��� car � cdrn � l � �
�

for all naturalnumbersn. Technicallythismeansthatfor thepurposeof definingtheappropriate
behaviouralequivalencefor lists,cons doesnotplayany rôle, thereforeit maybespecifiedasan
ordinaryoperation,hencecons is a hiddenconstructor. Consequently, theonly real behavioural
operationsare the observation car and the actioncdr. This new specificationfor lists canbe
visualizedby thefollowing CafeOBJ diagram:

8 Bettersaid,a stateof thelist object.
9 Recallthat in L ISP cdr(nil) is alsoequalto nil but undera L ISP conceptof equality;it maybeworthwhile trying to

think L ISP equalityin behavioural abstractionterms.
10 Which mayalsohavevisible sortsin thearity.
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List

Elt

?Elt

cdr

car

cons

err

nil

This “neutrality” of cons with respectto thebehavioural equivalencemaybeunderstoodby
thefactthatcons preservesthebehaviouralequivalencedefinedby cdr andcar only. Thisbasic
propertyof hiddenconstructorsis calledcoherence(DF98b, Dia98a), which in generalmeans
thepreservationof thebehaviouralequivalencerelationby thehiddenconstructors.In CafeOBJ
thecoherencepropertyis userspecifiedasanoperationattribute:

op cons : Elt List - � List
�
coherent

�
Thesemanticmeaningof a coherencedeclarationis that thecorrespondingspecificationad-

mits only modelsfor which the operationis coherent(i.e., it preservesthe behavioural equiva-
lence).For methodologicalreasonsCafeOBJ admitspotentiallynon-coherentoperations(in the
absenceof thecoherencedeclaration),howeverin thefinal versionof thespecificationall hidden
constructorsshouldbedeclarecoherentbothfor semanticalandoperationalreasons.

2.3. Behavioural coherencemethodologies

In the above list examplethe coherenceof cons can be proved as a formal propertyof the
specification11. This meansthat in any modelof this specificationthe interpretationof cons
automaticallypreservesthe behavioural equivalence,so the classof models(implementations)
of the specificationwith cons not specifiedascoherentcoincideswith its subclassof models
for thecasewhencons is specifiedascoherent.Suchconstructors,whichoccursfrequentlyand
which arepracticallydesirablearecalledtheconservative.

Theoppositecaseis representedby thenon-conservativeconstructors,which correspondsto
the situationwhenthe classof modelsfor the casewhenthe operationis specifiedascoherent
is a strict subclassof theclassof modelswhentheoperationis not specifiedascoherent.Proof-
theoretically, this meansthe coherencepropertyof the operationcannotbe formally provedas
a consequencepropertyof the [rest of the] specification.Becauseof its semanticalaspect,the
methodologyof non-conservativeconstructorsis moreadvancedandsophisticatedthanthecon-
servativeone.However it might beveryusefulin dealingwith non-terminatingcomputations12.

11 TheCafeOBJ proof scorefor this is rathersimple;we leave it asexercisefor thereader.
12 This is very similar to the useof commutativity attribute for operationsin classicalalgebraicspecification,a good

exampleof non-conservative methodologyis givenin (Dia98a).
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Proving behavioural coherence. We now concentrateto anexampleillustratingthebehavioural
coherencemethodologyof conservativeconstructors.Considerthefollowing behavioural speci-
ficationof sets:

Elt

in
Bool

Set

empty

add

neg

U,&

E in empty = false
E in add(E’,S) = (E = E’) or (E in S)
E  in  (S1 U S2)  =  (E in S1) or (E in S2)
E  in  (S1 & S2)  =  (E in S1) and (E in S2)
E  in  neg(S)  =  not(E in S)

This specificationhasonly onebehavioural operation,namelytheobservation in . Thehidden
constructorsadd, U , & , andneg canbe provedcoherentby the following CafeOBJ proof
score:

open .
ops s1 s2 s1’ s2’ : - � Set . -- arbitrarysetsastemporaryconstants
ops e e’ : - � Elt . -- arbitraryelementsastemporaryconstants
ceq S1 =*= S2 = true if (e in S1) == (e in S2) . -- definitionof behavioural equivalence
beq s1 = s1’ . -- hypothesis
beq s2 = s2’ . -- hypothesis

red add(e, s1) =*= add(e, s1’) . -- behcoherenceof add( ) for variableclashatElt
red add(e’, s1) =*= add(e’, s1’) . -- behcoherenceof add( ) for no variableclashat Elt
red (s1 U s2) =*= (s1’ U s2’ ) . -- behcoherenceof U
red (s1 & s2) =*= (s1’ & s2’ ) . -- behcoherenceof &
red neg(s1) =*= neg(s1’) . -- behcoherenceof neg
close
Notice the simplicity of this proof scorewhich usesthe built-in default coinductionrelation

=*= which in practiceis oftenly thebehavioural equivalence.Oncethecoherenceof thehidden
constructorsis formally proved,their coherencedeclarationsareaddedto thespecification,thus
obtainingthe final versionof the specificationunderthe methodologyof conservative hidden
constructors.

2.4. Behavioural Verification

Oneof the greatadvantagesof behavioural specificationlies in the simplicity of the verifica-
tion stagewhich sometimescontrastssharplywith the complexity of correspondingdatatype
verifications.Setsareoneof theexamplesshowing clearlythegreatersimplicity of behavioural
verifications.While the verificationof set-theoreticpropertiesin the dataapproachgetsinto a
very complex inductionprocess,behavioural propertiesof setscanbe proved almostimmedi-
ately. Thefollowing is thevery simpleCafeOBJ proofscorefor oneof De Morganlaws:

open .
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op e : - � Elt .
ops s1 s2 s3 : - � Set .
ceq S1:Set =*= S2:Set = true if (e in S1) == (e in S2) . -- definitionof behavioural equivalence

red neg(s1 U s2) =*= (neg(s1) & neg(s2)) . -- proof of deMorganlaw
close

Behavioural rewriting. Theexecutionof behaviouralspecificationsisdonebybehaviouralrewrit-
ing, which is a refinementof ordinary(term)rewriting thatensuresthecorrectnessof rewriting
whenusingbehavioural equationsasrewrite rules.Thebasicconditionof behavioural rewriting
requirestheexistenceof apathformedby behaviouralor coherentoperationsontopof theredex.
Wheninferring strict equalities,it is requiredin additionthat the top of suchpathis of visible
sort.For example,whenproving thebehaviouralcoherenceof add,

red add(e, s1) =*= add(e, s1’) .

meansastrict equalityreduction.In this casethefirst behaviouralequationof thecorresponding
proof scorecannotbeusedasa first rewriting stepsincetheconditionof behavioural rewriting
is not fulfilled. This triggerstheuseof theconditionalequationinsteadasa first rewriting step,
andonly after this the useof behavioural equationsof the proof scorefall underthe required
condition.

2.5. Behavioural refinement

Objectrefinementin behavioural specificationis a relaxform of behavioural specificationmor-
phism (see(DF98b) for more details).As an examplewe show how behavioural lists refine
behaviouralsets,which correspondsto thebasicintuition of setsimplementedaslists:

Set/List

Elt

?Elt

/cdr

/car

add/cons

in/...
Bool

/err

empty/nil

  
E  in  L  |---->  (E == car(L)) or-else
                           (car(L) =/= err) and-also (E in cdr(L)))

For simplicity of presentationwe consideredhereonly thecaseof basicsets,without union,
intersection,andnegation13. The refinementof behavioural basicsetsto lists wasrepresented
aboveby extendingthegraphicalnotationpreviously introducedwith:

G3.Refinementof sorts and operations is written by / and sharing the samefigure (disk or
arrow) in thediagram.

13 Our examplecanbeeasilyextendedto unionandintersection,but notsoeasilyto negation.
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G4.Newly introducedsortsandoperationsare representedbydottedlines.

In this refinement,the hiddensort Set is refinedto thehiddensortList (this meansthatany
stateof thesetobjectandbe implementedby a stateof the list object),add is refinedto cons.
The list objecthasthe observation car andthe actioncdr asnew behavioural operationsand
alsoaddsthe errorhandling.Thesetobjectobservation in is refinedto a derivedobservation
(usingsomeoperationalversionsof theBooleanconnectives).This refinementcanbe encoded
in CafeOBJ by thefollowing moduleimport:

mod* LIST’
�

protecting(LIST)
op in : Elt List - � Bool

�
coherent

�
-- coherenceprovablefrom therestof spec

vars E E’ : Elt
var L : List
eq E in L = (E == car(L)) or-else (car(L) =/= err and-also E in cdr(L)) .

�
Thefollowing is theproofscorefor thefactthatthemappingdefinedaboveis indeedarefine-

ment,i.e., thepropertyof add holdsfor cons:14

open LIST’ .
ops e e1 e2 : - � Elt . -- arbitraryelementsastemporaryconstants
op l : - � List . -- arbitrarylist astemporaryconstant
eq e1 in l = true . -- thebasiccasewhentheelementdoesbelongto thelist
eq e2 in l = false . -- thebasiccasewhentheelementdoesnotbelongto thelist

red e in nil == false . -- thenil case
red e1 in cons(e,l) == true .
red e2 in cons(e,l) == false .
red e in cons(e,l) == true . -- theelementclashcase
close

3. Concurrent Object Composition in CafeOBJ

In this sectionwe presenttheobjectcompositionmethodof CafeOBJ basedon thebehavioural
specificationparadigm.We presentherea simplified methodwhich doesnot usebehavioural
coherence.We useUML to representobjectcomposition:

Object A

Object B

Object CObject D Object E

base level objects

14 This involvesasmallcaseanalysis.
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In theaboveUML figure,B is composedof D andE, A of B andC, andnon-compoundobjects
(i.e.,objectswith no components)arecalledbaselevelobjects. A compositionin UML is repre-
sentedby line tippedby adiamond,andif necessary, qualifiedby thenumbersof components(1
for oneand* for many).

Projectionoperationsfrom thehiddensortof thestatesof thecompoundobjectto thehidden
sortsof thestatesof thecomponentobjectsconstitutethemaintechnicalconceptunderlyingthe
CafeOBJ compositionmethod;projectionoperationsarerelatedto the lines of UML figures.
Projectionoperationsaresubjectto someprecisemathematicalconditions(see(IMD 98, DF98b)
for details),whichcanbeinformally summarizedasfollows:

— all actionsof thecompoundobjectarerelatedvia theprojectionoperationsto actionsin each
of thecomponent,and

— eachobservationof thecompoundobjectis relatedvia theprojectionoperationsto anobser-
vationof somecomponent.

In the compoundobjectswe only definecommunicationbetweenthe components;this means
that the only equationsat the level of the specificationof the compoundobjectsare the ones
relating the actionsandobservationsof the compoundobjectsto thoseof the componentsas
describedabove.

3.1. Parallel connection

Thecomponentsof a compositeobjectareconnected(unsynchronized)in parallelif thereis no
synchronizationbetweenthem.In order to definethe conceptof synchronization,we have to
introducetheconceptof actiongroup. Two actionsof a compoundobjectarein thesameaction
group when they changethe stateof the samecomponentobject via a projectionoperation.
Synchronizationappearswhen:

— thereexistsanoverlappingbetweensomeactiongroups,or
— theprojectedstateof thecompoundobject(via a projectionoperation)dependson thestate

of adifferent(from theobjectcorrespondingto theprojectionoperation)component.

Thefirst caseis sometimescalledbroadcastingandthesecondcaseis sometimescalledclient-
servercomputing. In the unsynchronizedcase,we have full concurrency betweenall the com-
ponents,which meansthatall the actionsof the compoundobjectcanbe appliedconcurrently,
thereforethecomponentscanbe implementedasdistributedprocessesor concurrentprocesses
with multi-threadwhicharebasedon asynchronouscommunications.

For unsynchronizedparallelconnection,we considera bankaccountsystemexample.Firstly,
we considera very simplebankaccountsystemwhich consistsof a fixednumbersof individual
accounts,letsactuallyconsiderthecaseof just two account.Thespecificationof anaccountcan
beobtainedjust by renamingthespecificationCOUNTER1 of a counterobjectwith integersas
follows

mod* ACCOUNT1
�

protecting(COUNTER1 *
�

hsort Counter - � Account1,
op init-counter - � init-account1

�
)
�

mod* ACCOUNT2
�

protecting(COUNTER1 *
�

hsort Counter - � Account2,
op init-counter - � init-account2

�
)
�

whereCOUNTER1 is representedin CafeOBJ graphicalnotationasfollows:
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Counter1

Int

add

amount
amount(init-counter1) = 0
amount(add(I, C)) = I + amount(C)

init-counter

We thencomposethesetwo accountobjectsasin thefollowing doublefigurecontainingboth
theUML andtheCafeOBJ graphical15 representationof this composition:

AccountSys

Account1 Account2

deposit1

deposit2

withdraw1

withdraw2

add add

1

1

1

1

AccountSys

Account1 Account2

account1

deposit1
deposit2
withdraw1
withdraw2

balance1
balance2

account2

Nat

Int

init-account-sys

wheredeposit1 andwithdraw1 aretheactionsfor thefirst account,balance1 is theobservation
for the first account,account1 is the projectionoperationfor the first account,anddeposit2,
withdraw2, balance2, andaccount2 arethecorrespondingactions,observation,andprojection
operationfor thesecondaccount.Theequationsfor thisparallelconnection(composition)areas
follows:

eq balance1(AS) = amount(account1(AS)) .
eq balance2(AS) = amount(account2(AS)) .
eq account1(init-account-sys) = init-account1 .
eq account1(deposit1(N, AS)) = add(N, account1(AS)) .
eq account1(deposit2(N, AS)) = account1(AS) .
eq account1(withdraw1(N, AS)) = add(-(N), account1(AS)) .
eq account1(withdraw2(N, AS)) = account1(AS) .
eq account2(init-account-sys) = init-account2 .
eq account2(deposit1(N, AS)) = account2(AS) .
eq account2(deposit2(N, AS)) = add(N, account2(AS)) .
eq account2(withdraw1(N, AS)) = account2(AS) .
eq account2(withdraw2(N, AS)) = add(-(N), account2(AS)) .

Notice thatbesidesthe first two equationsrelatingthe observationson the compoundobject
to thoseon the components,the otherequationsrelatethe actionsof the accountsystemto the
actionsof the components.Remarkthat the actionscorrespondingto one componentdo not

15 TheCafeOBJ graphicalrepresentationcorrespondsto themoduledefiningthis objectcompositionratherthanto the
“flattened”specification,hencetheoperationsof thecomponentsarenot includedin thefigure.



Diaconescu,Futatsugi,Iida 16

changethe stateof the secondcomponent(via the projectionoperation),hencethis composi-
tion is unsynchronized.In fact theseequationsexpressingtheconcurrency of compositionneed
not be specifiedby the user, in their absencethey may be generatedinternally by the system,
thusreducingthespecificationof thecompositionto theessentialinformationwhich shouldbe
providedby theuser.

3.2. Dynamicconnection

In this subsection,we extendthepreviousbankaccountsystemexampleto supportanarbitrary
numberof accounts.Theaccountsarecreatedordeleteddynamically, sowecall sucharchitecture
patterndynamicconnectionandwecall theobjectsconnecteddynamicallyasdynamicobjects. A
dynamicobjecthasanobjectidentifiertypeasthearity of its initial state(which is quiteanatural
ideathatin object-orientedprogramminglanguages,languagesystemsautomaticallyprovidinga
pointerfor eachobjectwhencreated).Wethereforefirstly extendthespecificationof thecounter
to adynamicobject

op init-counter : UId - � Counter

whereUId is a sort for useridentifiers.The structureof the new bankaccountsystemcanbe
representedin UML andCafeOBJ graphicalnotationasfollows:

AccountSys

Account

add

1

*

add-account

del-account

deposit

withdraw

AccountSys Nat

deposit
withdraw

add-account
del-account

account

no-account

Account

UId

wheretheactionsadd-account anddel-account maintaintheuseraccounts.add-account cre-
atesaccountswith someinitial balancewhile del-account deletestheaccounts;bothof themare
parameterizedby theuseridentifiersUId. Eachof deposit andwithdraw is alsoparameterized
by theuseridentifiers.Mostnotably, theprojectionoperationfor Account is alsoparameterized
by UId. Theinitial stateof AccountSys hasno account,soit is mappedto theerrorstatecalled
no-account. Finally, the equationsrelatethe actionsof AccountSys to thoseof Account via
the projectionoperationonly when they correspondto the specifieduseraccount.Here is the
essentialpartof theCafeOBJ codefor thedynamicsystemof accountsspecification:

eq account(U, init-account-sys) = no-account .
ceq account(U, add-account(U’, N, A)) = add(N, init-account(U)) if U == U’ .
ceq account(U, add-account(U’, N, A)) = account(U, A) if U =/= U’ .
ceq account(U, del-account(U’, A)) = no-account if U == U’ .
ceq account(U, del-account(U’, A)) = account(U, A) if U =/= U’ .
ceq account(U, deposit(U’, N, A)) = add(N, account(U, A)) if U == U’ .
ceq account(U, deposit(U’, N, A)) = account(U, A) if U =/= U’ .



Algebraic Specificationin CafeOBJ 17

ceq account(U, withdraw(U’, N, A)) = add(-(N), account(U, A)) if U == U’ .
ceq account(U, withdraw(U’, N, A)) = account(U, A) if U =/= U’ .

3.3. Synchronizedparallel connection

In this subsection,we adda userdatabase(UserDB) to the bankaccountsystemexamplefor
having a moresophisticatedusermanagementmechanism.This enablesqueryingwhetheran
useralreadyhasanaccountin thebankaccountsystem.Thefollowing is theUML andCafeOBJ
graphicalrepresentationof this:

AccountSys

UserDB Account

deposit

add-account

withdraw

del-account

add add

1

1

1

*

_U_

_&_

neg

AccountSys

UserDB Account

NatUId

deposit
withdraw

add-account
del-account

accountuser-db

init-account-sys

wheretheusersdatabaseis obtainedjustby reusing(renaming)thesetobjectof Section2.3.The
new accountsystemcompoundobjectcontainsbothsynchronizationpatterns:broadcastingand
client-servercomputing.add-account is relatedto add of Account by theprojectionoperation
for Account andit is alsorelatedto add of UserDB by the projectionoperationfor UserDB.
So,thereis anoverlappingof actiongroups(broadcasting).Also,add-account is relatedto add
of Account by theprojectionoperationfor Account usingthe informationof UserDB (client-
servercomputing).Thesameholdsfor del-account.

ThefollowingCafeOBJ coderepresentstheequationsfor theprojectionoperationfor UserDB:
eq user-db(init-account-sys) = empty .
eq user-db(add-account(U, AS)) = add(U, user-db(AS)) .
eq user-db(del-account(U, AS)) = neg(add(U, empty)) & user-db(AS) .
eq user-db(deposit(U, N, AS)) = user-db(AS) .
eq user-db(withdraw(U, N, AS)) = user-db(AS) .

Thefollowing is theCafeOBJ codefor theequationsfor theprojectionoperationfor Account,
we skip herethe equationsof deposit and withdraw which are the sameas in the previous
example,andwealsoskiptheequationfor del-account whichissimilarto thatof add-account :

eq account(U, init-account-sys) = no-account .
ceq account(U, add-account(U’, N, AS)) = add(N, init-account(U))

if U == U’ and not(U in user-db(AS)) .
ceq account(U, add-account(U’, N, AS)) = account(U, AS) if U =/= U’ or U in user-db(AS) .

For add-account, we checkwhethertheuseris alreadyregisteredandif not mapit to add. If
theuseris alreadyregisteredin UserDB, thenskip.

It is interestingto mentionthatthesametest
red balance(’u:UId, add-account (’u, 100, deposit(’u, 30, add-account (’u, 100, init-account-sys))))
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getsdifferentresultsin the previous accountsystemexampleand in the currentsynchronized
exampledueto thefinerusermanagementin thesynchronizedcase.

3.4. Compositionalityof verifications

In object-orientedprogramming,reusabilityof thesourcecodeis important,but in object-oriented
specification,reusabilityof theproofsis alsovery importantbecauseof theverificationprocess.
We call this compositionalityof verificationsof components.In the CafeOBJ objectcomposi-
tion methodthis is achievedby thefactthatthebehaviouralequivalenceonthecompoundobject
is theconjunctionof thebehavioural equivalencesof thecomponentobjects(this is a Theorem
which canbefoundin (IMD 98)). Therefore,in thecaseof a hierarchicobjectcomposition,the
behavioural equivalencefor thewholesystemis just theconjunctionof thebehavioural equiva-
lencesof thebaselevel objects,which aregenerallyrathersimple.

For example,thebehavioural equivalencefor thebankaccountsystemis a conjunctionof the
behavioural equivalenceAccount (indexedby theuseridentifiers)andUserDB, andthesetwo
arecheckedautomaticallyby theCafeOBJ system.This meansthatbehavioural proofsfor the
bankaccountsystemarealmostautomatic,without having to go throughtheusualcoinduction
process.Therefore,the behavioural equivalence R[ ] of AccountSys canbe definedby the
following CafeOBJ code:

mod BEQ-ACCOUNT-SYSTEM
�

protecting(ACCOUNT-SYSTEM)
op R[ ] : AccountSys UId AccountSys - � Bool
vars AS1 AS2 : AccountSys
var U : UId
eq AS1 R[U] AS2 = account(U, AS1) =*= account(U, AS2) and

user-db(AS1) =*= user-db(AS2 ) .
�

Notice the useof the parameterizedrelation for handlingthe conjunctionindexed by the user
identifiers.

Now, we will prove thetrueconcurrency of withdrawalsof two differentusers,which canbe
consideredasa safetypropertyfor this systemof bankaccountsandwhich is formulatedasthe
following commutativity behaviouralproperty:

withdraw � u1 � n1 � withdraw � u2 � n2 � as�
�
� withdraw � u2 � n2 � withdraw � u1 � n1 � as���
The following CafeOBJ codebuilds theproof treecontainingall possiblecasesformedby or-
thogonalcombinationsof atomic casesfor the userswith respectto their membershipto the
useraccountsdatabase.Thebasicproof termis TERM. Theautomaticgenerationof theproof
tree(RESULT )is doneby a meta-level encodingin CafeOBJ by usingits rewrite enginefor
one-directionalconstructionof the proof tree (this processusesthe rewriting logic featureof
CafeOBJ, hencetheuseof transitions(trans) ratherthanequations).
mod PROOF-TREE

�
protecting(BEQ-ACCOUNT-SYSTEM)

ops n1 n2 : - � Nat -- arbitraryamountsfor withdrawal
ops u u1 u1’ u2 u2’ : - � UId -- arbitraryuseridentifiers
op as : - � AccountSys -- arbitrarystateof theaccountsystem
eq u1 in user-db(as) = true . -- first useris in thedatabase
eq u2 in user-db(as) = true . -- seconduseris in thedatabase
eq u1’ in user-db(as) = false . -- first useris not in thedatabase
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eq u2’ in user-db(as) = false . -- seconduseris not in thedatabase
vars U U1 U2 : UId
op TERM : UId UId UId - � Bool -- basicproof term
trans TERM(U, U1, U2) = � withdraw(U1, n1, withdraw(U2, n2, as)) R[U]

withdraw(U2, n2, withdraw(U1, n1, as)) .
op TERM1 : UId UId - � Bool
trans TERM1(U, U1) = � TERM(U, U1, u2) and TERM(U, U1, u2’) .
op TERM2 : UId - � Bool
trans TERM2(U) = � TERM1(U, u1) and TERM1(U, u1’) .
op RESULT : - � Bool -- final proof term
trans RESULT = � TERM2(u1) and TERM2(u1’) and TERM2(u) .

�
Theexecutionof theproof termRESULT givestrue afterthesystemperforms233rewrites.

4. Conclusionsand Futur eWork

In this paperwe presentedthe CafeOBJ object-orientedmethodologyfor component-based
specificationandverificationwhich is basedon theCafeOBJ behaviouralabstractionparadigm.
Wealsopresentedthebasicbehaviouralspecificationmethodologyin CafeOBJ andgaveabrief
overview of theCafeOBJ language,systemandspecificationenvironment.

Futurework in this areawill furtherexploreandrefinethecurrentCafeOBJ methodologies
exposedherewith theaim of creatingan industrialtool aroundthesemethodologiescontaining
anindustrial-orientedtutorial,aGUI interfaceprobablybasedonthecurrentCafeOBJ graphical
notation,a graphicalproof environment,etc.
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MESEGUER, Jośe: MembershipAlgebraasaLogicalFramework for EquationalSpecification.In: PARISI-
PRESSICE, F. (Ed.):Proc.WADT’97, Springer, 1998,pp.18–61


